Abstract The fractional Fokker-Planck system with multiple internal states is derived in [Xu and Deng, Math. Model. Nat. Phenom., 13, 10 (2018)], where the space derivative is Laplace operator. If the jump length distribution of the particles is power law instead of Gaussian, the space derivative should be replaced with fractional Laplacian. This paper focuses on solving the two state Fokker-Planck system with fractional Laplacian. We first provide a priori estimate for this system under different regularity assumptions on the initial data. Then we use L 1 scheme to discretize the time fractional derivatives and finite element method to approximate the fractional Laplacian operators. Furthermore, we give the error estimates for the space semidiscrete and fully discrete schemes without any assumption on regularity of solutions. Finally, the effectiveness of the designed scheme is verified by numerical experiments.
Introduction
Anomalous diffusion phenomena are widespread in the nature world [19] . Important progresses for modelling these phenomena have been made both microscopically by stochastic processes and macroscopically by partial differential equations (PDEs) [10] . Generally, the PDEs govern the probability density function (PDF) of some particular statistical observables, say, position, functional, first exit time, etc. The fractional Fokker-Planck equation models the PDF of the position of the particles [6, 7] . So far, there are many numerical methods for solving FFPE, such as finite difference method, finite element method, and even the stochastic methods [11, 12, 16, 24, 27] .
Anomalous diffusions with multiple internal states not only are often observed natural phenomena but also some challenge problems, e.g., smart animal searching for food, can be easily treated by taking them as a problem with multiple internal states. Recently, multiple-internal-state Lévy walk and CTRW with independent waiting times and jump lengths are carefully discussed and the PDEs governing the PDF of some statistical observables are derived [28, 29] . In the CTRW model if the distributions of the jump lengths are power law instead of Gaussian, then the corresponding PDEs involve fractional Laplacian. In this paper, we provide and analyze the numerical scheme for the following fractional Fokker-Planck system (FFPS) with two internal states [28] and the appropriate boundary condition is specified [10] , i.e.,
where Ω denotes a bounded convex polygonal domain in R n (n = 1, 2, 3); Ω c means the complementary set of Ω in R n ; M is the transition matrix of a Markov chain, being a 2×2 invertible matrix here; M T means the transpose of M; G = [G 1 , G 2 ]
T denotes the solution of the system (1); G 0 = [G 1,0 , G 2,0 ] T is the initial value; I is an identity matrix; 'diag' denotes a diagonal matrix formed from its vector argument; 0 D 1−α i t (i = 1, 2) are the Riemann-Liouville fractional derivatives defined by [26] 
and (−∆) s i (i = 1, 2) are the fractional Laplacians given as (−∆) s i u(x) = c n,s i P.V.
where the circular arc is oriented counterclockwise, the two rays are oriented with an increasing imaginary part, and i denotes the imaginary unit. For convenience, in the following we denote Γ θ = Γ θ,0 and A i as the fractional Laplacian (−∆)
s i (i = 1, 2) with homogeneous Dirichlet boundary condition. Then we recall some fractional Sobolev spaces [2, 3, 5, 13] . Let Ω ⊂ R n (n = 1, 2, 3) be an open set and s ∈ (0, 1). Then the fractional Sobolev space H s (Ω) can be defined by (u(x) − u(y))(w(x) − w(y)) |x − y| n+2s dydx.
Remark 1 According to [5] , the norm induced by (4) is a multiple of the H s (R n )-seminorm, which is equivalent to the full H s (R n )-norm on this space because of the fractional Poincaré-type inequality [13] . Moreover, from [2] ,Ĥ s (Ω) coincides with H s (Ω) when s < 1/2.
Next we recall the properties and elliptic regularity of the fractional Laplacian. Reference [5] claims that (−∆)
is a bounded and invertible operator. Besides, Ref. [15] proposes the regularity of the following problem
and the main results are described as
Theorem 1 ([15])
Let Ω ⊂ R n be a bounded domain with smooth boundary, g ∈ H r (Ω) for some r ≥ −s and consider u ∈Ĥ s (Ω) as the solution of the Dirichlet problem (5). Then, there exists a constant C such that
where γ = min(s + r, 1/2 − ǫ) with ǫ > 0 arbitrarily small.
A priori estimate of the solution
According to the property of the transition matrix of a Markov chain [28] , the matrix M can be denoted as
and the fact that matrix M is invertible leads to
So the system (1) can be rewritten as
Taking the Laplace transforms for the first two equations of the system (6) and using the identity 0 D α t u(z) = z αũ (z) [26] , we have
Denote
where A is an operator. Then from (7) and (8) we havẽ
Thus
Lemma 1 Let A be the fractional Laplacian (−∆) s with homogeneous Dirichlet boundary condition. When z ∈ Σ θ,κ , π/2 < θ < π and κ is large enough, we have the estimates
where H(z, A, α, β) is defined in (8).
Proof Let u = H(z, A, α, β)v. By simple calculations, we obtain
Taking L 2 norm on both sides and using the resolvent estimates provided in [5] , we have
which leads to the first desired estimate by taking κ large enough and |z| > κ. Since AH(z, A, α, β) = z β (I −(z α +a)H(z, A, α, 0)), it can be easily got the second estimate.
Then we provide the resolvent estimate inĤ 1/2+s−ǫ (Ω).
Lemma 2 Let A be the fractional Laplacian (−∆) s with homogeneous Dirichlet boundary condition and s < 1/2. When z ∈ Σ θ,κ , π/2 < θ < π and κ is large enough, we have the estimates
where H(z, A, α, β) is defined in (8) and σ ∈ [0, 1/2 + s). Furthermore, there exists
Proof Assume u = H(z, A, α, β)v and v = 0 in Ω c . Using Theorem 1 and Lemma 1, we have
which leads to
By induction, one can get
where m is a positive integer. By Lemma 1 and the interpolation property [1] , there exists
Taking σ = 1/2 − s − ǫ in the above equation and using (11) , there is
Similarly by interpolation property, one can obtain
Noting that AH(z, A, α, β) = z β (I − (z α + a)H(z, A, α, 0)), the second estimate can be got. On the other hand, let u = AH(z, A, α, β)v and v = 0 in Ω c . For
which leads to AH(z, A, α, β) Ĥσ+2s (Ω)→Ĥσ (Ω) ≤ C|z| β−α . Using the property of interpolation, we obtain
Lemma 3 Let κ satisfy the conditions given in Lemma 1 and Ω ⊂ R n . Then we have the estimate
Proof By simple calculation and taking r = |z|, we have
When α ≥ −1, using the fact T /t > 1, we can get the desired estimate. And when α < −1, the desired estimate can be got by taking κ > 1/t.
Next, we provide the following Grönwall inequality which is similar to the one provided in [20] .
Lemma 4 Let the function φ(t) ≥ 0 be continuous for 0 < t ≤ T . If
Proof The proof is similar to the one provided in [20] .
Then we present the priori estimates for the solutions G 1 and G 2 of (6) with nonsmooth initial value.
and
Proof By Eq. (10), Lemmas 1, 3 and taking the inverse Laplace transform for (10), we obtain
According to Lemma 4 and the fact T /t > 1, one can get the desired L 2 estimates. Similarly, acting A i on both sides of Eq. (10) respectively and using Lemmas 1, 3, one can obtain
In view of the L 2 estimates of G 1 and G 2 proved above and T /t > 1, the desired estimates can be got.
Lastly, we provide a detailed discussion on the regularity of the solutions when
where
Remark 2 The proof of Theorem 3 is similar to the one of Theorem 2.
-If σ 1 + 2µ 1 s 1 < s 2 +γ 2 and σ 2 + 2µ 2 s 2 < s 1 +γ 1 , then we have
Here
Proof When σ 1 + 2µ 1 s 1 ≤ s 2 +γ 2 and σ 2 + 2µ 2 s 2 ≤ s 1 +γ 1 , acting A i on both sides of (9) respectively, according to Theorem 1, embedding theorem, Lemmas 2, 3 and taking the inverse Laplace transform of (9), there are
. Thus by Lemma 4, embedding theorem [1] and the fact T /t > 1, the desired estimates can be got.
Thus by embedding theorem [1] and the fact T /t > 1, the desired estimates are obtained.
Remark 3 Combining the proofs of Theorems 2 and 4, Theorem 5 can be obtained.
Space discretization and error analysis
In this section, we discretize the fractional Laplacian by the finite element method and provide the error estimates for the space semidiscrete scheme of system (6) . Let T h be a shape regular quasi-uniform partitions of the domain Ω, where h is the maximum diameter. Denote X h as the piecewise linear finite element space
where P 1 denotes the set of piecewise polynomials of degree 1 over
which has the the following approximation property.
Lemma 5 ([9])
The projection P h satisfies
Denote (·, ·) as the L 2 inner product. The semidiscrete Galerkin scheme for system (6) reads: Find G 1,h ∈ X h and G 2,h ∈ X h such that
Then (12) can be rewritten as
Taking the Laplace transforms of (13), we get
Next we introduce two lemmas, which will be used in the error estimate between system (6) and space semidiscrete scheme (12) .
Lemma 6 For any φ ∈Ĥ s (Ω), z ∈ Σ θ,κ with θ ∈ (π/2, π) and κ being taken to be large enough to ensure g(z) = z α + a ∈ Σ θ , there exists
s with homogeneous Dirichlet boundary condition, and z ∈ Γ θ,κ . Denote w = H(z, A, α, 0)v and
and γ ≤ min(s, 1/2 − ǫ) with ǫ > 0 being arbitrarily small.
Remark 5
The proofs of Lemmas 6 and 7 are similar to the ones in [5, 9] .
When v ∈Ĥ σ (Ω), we modify the estimate in Lemma 7 as
Proof Let ǫ > 0 be arbitrarily small. Here we first consider σ = 1/2 − s − ǫ. Using the notation of g(z) in Lemma 6 and the definitions of w and w h , there exist
where e = w − w h . By Lemma 6, one has
Taking χ = π h w as the Lagrange interpolation of w and using the Cauchy-Schwarz inequality, we obtain
According to Lemma 6, there is
Using the interpolation property, we get
Further using the interpolation property leads to
On the other hand, using Theorem 1 and Lemma 2, we obtain
By a duality argument, one has
where we have used the fact that |g(z)
Combining Lemma 7 and using interpolation property, one can get the desired estimate.
For (6), we give the error estimates for the space semidiscrete scheme with nonsmooth initial values.
Theorem 6 Let G 1 , G 2 and G 1,h , G 2,h be the solutions of the systems (6) and (13), respectively,
where γ 1 ≤ min(s 1 , 1/2 − ǫ) and γ 2 ≤ min(s 2 , 1/2 − ǫ) with ǫ > 0 being arbitrarily small.
Proof From (14), one can get
Denote e 1 (t) = G 1 (t) − G 1,h (t) and e 2 (t) = G 2 (t) − G 2,h (t). Combining the above equation with (9) leads tõ
We first consider e 1 . For I 1 , using inverse Laplace transform and Lemma 7 leads to
For I 2 , taking inverse Laplace transform, using Eq. (9), Lemma 7, and Theorem 2, we have
where we have used the fact T /t ≤ 1. As for I 3 , similar to Lemma 1, one has
Then the inverse Laplace transform and the L 2 stability of projection P h lead to
Similarly, there also exists
Thus, the desired estimates can be obtained by Lemma 4 and the fact T /t > 1.
Finally, combining the proof of Theorem 6, the priori estimate provided in Section 2, and Lemma 8, there are the following spatial error estimates for s 1 < 1/2. Theorems 7, 8, and 9, are with different assumptions on the regularities of the initial values and/or the range of s 2 .
Theorem 7 Let G 1 , G 2 and G 1,h , G 2,h be the solutions of the systems (6) and (13), respectively. Assume
≤ Ch
where γ 1 ≤ min(s 1 + σ, 1/2 − ǫ) and γ 2 ≤ min(s 2 + σ, 1/2 − ǫ) with ǫ > 0 being arbitrarily small.
Theorem 8 Let G 1 , G 2 and G 1,h , G 2,h be the solutions of the systems (6) and (13), respectively. Assume
-If σ 1 + 2µ 1 s 1 ≤ 2s 2 + σ 2 and σ 2 + 2µ 2 s 2 ≤ 2s 1 + σ 1 , then
-Assume σ 1 < σ 2 . If σ 1 + 2µ 1 s 1 > 2s 2 + σ 2 or σ 2 + 2µ 2 s 2 > 2s 1 + σ 1 , then
Here γ 1 = min(s 1 + σ 1 , s 1 + s 2 +γ 2 − 2µ 1 s 1 , 1/2 − ǫ) and γ 2 = min(s 2 + σ 2 , s 2 + s 1 +γ 1 − 2µ 2 s 2 , 1/2 − ǫ) with ǫ > 0 being arbitrarily small.
Theorem 9
Let G 1 , G 2 and G 1,h , G 2,h be the solutions of the systems (6) and (13), respectively. Assume
where γ i ≤ min(s i + σ i , 1/2 − ǫ), i = 1, 2 with ǫ > 0 arbitrary small.
Remark 6
From the numerical experiments, we find that the errors aroused by (15) have almost no effect on convergence rates.
Remark 7
As for Eq. (3), the spatial semidiscrete scheme can be written as
where v h ∈ X h and G h (0) = P h G 0 . According to Lemma 8, if s < 1/2 and G 0 ∈Ĥ σ (Ω), the error between G(t) and G h (t) can be written as
where γ = min(1/2 − ǫ, s + σ). And according to Lemma 7, if s ≥ 1/2 and G 0 ∈ L 2 (Ω), the error between G(t) and G h (t) is as follows
Time discretization and error analysis
In this section, we use the L 1 scheme to discretize the Riemann-Liouville time fractional derivatives and perform the error analysis for the fully discrete scheme. We first introduce the notations as
Lemma 9 ([25])
When z ∈ Σ θ,κ , π/2 < θ < π and κ > max 2|a| 1/α , 2|a| 1/β , there are the estimates
According to (16) , the solution of (13) in Laplace space can be reconstructed as
Next, we use the Backward Euler scheme to discretize ∂/∂t and L 1 scheme to approximate 0 D α t . Let the time step size τ = T /L, L ∈ N, t i = iτ , i = 0, 1, . . . , L and 0 = t 0 < t 1 < · · · < t L = T . Recall the approximation of Caputo fractional derivative by L 1 scheme (see, e.g., [17] 
Using the relationship between the Caputo fractional derivative and the RiemannLiouville fractional derivative, i.e.,
for 0 < j < n,
For the system (6), we have the fully discrete scheme
where G n 1,h , G n 2,h are the numerical solutions of G 1 , G 2 at time t n . To get the error estimate between (6) and (19), we introduce Li p (z) [14, 17] defined by
and recall the Lemmas about Li p (z) .
Lemma 10 ( [14, 17] ) For p = 1, 2, · · · , the function Li p (e −z ) satisfies the singular expansion
where ς(z) denotes the Riemann zeta function.
Lemma 11 ([14, 17] 
6 ) and −1 < p < 0. Then
At the same time, we have the estimates.
Lemma 12 ([17, 18] ) Assume z ∈ Σ θ , |z| ≤ π τ sin(θ) and θ ∈ (π/2, π). Then there are
Next, we give the error estimates of the fully discrete scheme. To get the solutions of the system (19), multiplying ζ n on both sides of the first two equations in (19), summing n from 1 to ∞ and using (18) , there exist
As for ψ α (ζ), using the definition of d α j and Li p (z), we have
Then, there is the following estimate.
Lemma 13 Let z ∈ Γ θ,κ , |zτ | ≤ π sin(θ) and θ ∈ (π/2, 5π/6). Then we have
Proof By Lemma 11, there exists
Now we give the error estimates between the solutions of the systems (13) and (19) .
Theorem 10 Let G 1,h , G 2,h and G n 1,h , G n 2,h be the solutions of the systems (13) and (19), respectively. Then
Proof We first consider the error estimates between G n 1,h and G 1,h . By (20) , for small ξ τ = e −τ (κ+1) , there is
Letting ζ = e −zτ leads to
where Γ τ = {z = κ+1+iy : y ∈ R and |y| ≤ π/τ }. Next we deform the contour
In view of (17), there exists
Combining (22) and (23) leads to
According to Lemma 9, there exists
For II, similarly it has
Next for III and IV , there are
As for III 1 and IV 1 , using Lemmas 9 and 12 leads to
as the a-th order derivative of z 1 and b-th order derivative of z 2 . Using
the mean value theorem, and the Lemmas 12 and 13, there are
. By simple calculations, we have
Analogously, it has
The proof has been completed. 
Numerical experiments
In this section, we perform the numerical experiments to verify the effectiveness of the designed schemes. Since the exact solutions G 1 and G 2 are unknown, to get the spatial convergence rates, we calculate
where G n 1,h and G n 2,h mean the numerical solutions of G 1 and G 2 at time t n with mesh size h; similarly, to obtain the temporal convergence rates, we calcuate
where G 1,τ and G 2,τ are the numerical solutions of G 1 and G 2 at the fixed time t with step size τ . Then the spatial and temporal convergence rates can be, respectively, obtained by
The following two groups of initial values are used:
where χ (a,b) denotes the characteristic function on (a, b).
Here we first give some examples to show the influence of the regularity of initial data on convergence rates.
Example 1 We take a = 2, τ = 1/800, and T = 1 to solve the system (6) with the initial condition (a), and s 1 = s 2 < 1/2, α 1 = 0.4, α 2 = 0.7. Here G 1,0 , G 2,0 ∈ H 1/2−ǫ (Ω) satisfy the conditions of Theorem 6. Table 1 shows that the convergence rates can be achieved as O(h s+1/2−ǫ ), which agree with Theorems 7 and 8. Example 2 We take α 1 = 0.4, α 2 = 0.6, a = −2, τ = 1/800, and T = 1 to solve the system (6) with the initial condition (a). (15) on convergence rates.
Example 3
The parameters are taken as α 1 = 0.8, α 2 = 0.9, a = 2, τ = 1/800, and T = 1. First, we solve the system (6) with the initial condition (b). Letting ν 1 = ν 2 = 0.4999 leads to G 1,0 , G 2,0 ∈ L 2 (Ω). According to Table 3 , the convergence rates agree with Theorem 6 when s 1 , s 2 > 1/2; when s 1 , s 2 < 1/2, the convergence rates of G 2 are higher than the predicted ones in Theorem 6 and the convergence rates of G 1 are the same as the predicted ones, the reason of which is the same as that stated in Example 2.
Then we take ν 1 = −0.4 and ν 2 = −0.3, which may lead to G 1,0 ∈Ĥ 0.1 (Ω) and Table 4 shows the convergence results and we find the convergence rates of G 2 are higher than the predicted ones in Theorem 6 and the convergence rates of G 1 are the same as the predicted ones, and the reason for these phenomena is the same as the one in Example 2.
Example 4
In this example, we take α 1 = 0.7, α 2 = 0.6, a = 0.1, τ = 1/50, and T = 20. The system (6) is solved with the initial condition (b) and we take ν 1 = 0, ν 2 = 0.4999, which implies Table  5 , the results for s 1 = 0.25 and s 2 = 0.8 agree with Theorem 9; when s 1 , s 2 < 1/2, the convergence rates of G 1 are higher than the predicted ones in Theorem 8 and the convergence rates of G 2 are the same as the predicted ones, the reason of which is the same as that stated in Example 2.
Finally, we verify the temporal convergence rates in the following example. Example 5 Here we take s 1 = 0.25, s 2 = 0.75, a = 2, and h = 1/400 to solve the system (6) with the initial condition (a). Table 6 shows the L 2 errors and convergence rates for different α 1 , α 2 , which can be used to validate the results of Theorem 10. 
Conclusion
The power law distributions are widely observed in heterogeneous media, relating to the fields of physics, biology, and social science, etc. This paper focuses on the regularity and numerical methods of the two state model with fractional Laplacians, characterizing the power law properties. The priori estimates are obtained under various different regularity assumptions of initial values and/or different powers of fractional Laplacians. The designed numerical scheme is with finite element approximation for fractional Laplacians and L 1 scheme to discretize the time fractional Riemann-Liouville derivative. For the scheme, the complete error analyses are provided, and the extensive numerical experiments are performed to validate their effectiveness.
